Existence and approximation of solutions for generalized extended nonlinear variational inequalities by unknown
Thakur and Postolache Journal of Inequalities and Applications 2013, 2013:590
http://www.journalofinequalitiesandapplications.com/content/2013/1/590
RESEARCH Open Access
Existence and approximation of solutions for
generalized extended nonlinear variational
inequalities
Balwant Singh Thakur1 and Mihai Postolache2*
*Correspondence:
emscolar@yahoo.com
2Department of Mathematics and
Informatics, University Politehnica of
Bucharest, Bucharest, 060042,
Romania
Full list of author information is
available at the end of the article
Abstract
In this paper, we consider a new class of generalized extended nonlinear
quasi-variational inequality problems involving set-valued relaxed monotone
operators and establish its equivalence with the ﬁxed point problem. We study
criteria for existence of their solutions. Iterative methods for ﬁnding approximate
solutions are also proposed and analyzed.
MSC: 47J20; 65K10; 65K15; 90C33
Keywords: generalized extended nonlinear variational inequality; ﬁxed point
problem; relaxed monotone operator; relaxed cocoercive mapping; nonexpansive
mapping
1 Introduction
Variational inequality theory constitutes signiﬁcant and novel extensions of the varia-
tional principles. It describes a broad spectrum of interesting developments involving
a link between various ﬁelds of physical, engineering, pure and applied sciences. It has
been shown that variational inequality theory provides the uniﬁed and eﬃcient frame-
work for a general treatment of a wide class of problems; for details, see Baiocchi and
Capelo [], Fukushima [], Giannessi and Maugeri [], Glowinski and Tallec [], Noor et
al. [], Patriksson [], Kinderlehrer and Stampacchia [] and references therein. The de-
velopment of variational inequality theory can be viewed as the simultaneous pursuit of
two diﬀerent lines of research. On the one hand, it reveals the fundamental fact on the
qualitative aspects of the solutions to important classes of problems; on the other hand, it
also enables us to develop highly eﬃcient and powerful new numerical methods for solv-
ing various problems. One of the most interesting and important problems in variational
inequality theory is the development of eﬃcient numericalmethods. There is a substantial
number of numerical methods, including the projection methods and their variant forms.
The projection method and its variant forms represent important tools for approximate
solvability of various kinds of variational inequalities; see [–] and references therein.
The main idea behind this technique is to establish equivalence between the variational
inequalities and the ﬁxed point problem, using the concept of projection. This alternate
formulation is used to suggest iterative methods for approximate solvability of variational
inequality problems.
©2013 Thakur and Postolache; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
mons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and repro-
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In many problems of analysis, one encounters operators who may be split in the form
S = A± T , where A and T satisfy some conditions, and S itself has neither of these prop-
erties. An early theorem of this type was given by Krasnoselskii [], where a complicated
operator is split into the sum of two simpler operators. There is another setting arising
from perturbation theory. Here, the operator equation Tx±Ax = x is considered as a per-
turbation of Tx = x (or Ax = x), and one would like to assert that the original unperturbed
equation has a solution. In such a situation, there is, in general, no continuous depen-
dence of solutions on the perturbations. For various results in this direction, please see
Browder [], Fucik [, ], Kirk [], Petryshyn [], Webb []. Another argument is
concerned with the approximate solution of the problem: For f in H , ﬁnd x in H such
that Tx±Ax = f . Here T and A are given self-operators ofH . Many boundary value prob-
lems for quasi-linear partial diﬀerential equations arising in physics, ﬂuid mechanics and
other areas of applications can be formulated as the equation Tx±Ax = f ; see, e.g., Zeidler
[]. Combettes and Hirstoaga [] showed that the ﬁnding of zeros of sum of two oper-
ators can be solved via the variational inequality involving sum of two operators. Several
authors have studied this type of situations; see, e.g., Dhage [], O’Reagan [] and refer-
ences therein.
It is our aim in this paper, to consider a new class of generalized extended nonlinear
quasi-variational inequality problems, involving set-valued relaxed monotone operators,
and to establish its equivalence with the ﬁxed point problem. Using this framework, we
study criteria for existence of their solutions. Iterativemethods for ﬁnding approximate so-
lutions are also proposed and analyzed. As we shall see, in some circumstances, our results
reduce to previous results of Bruck [], Fang and Peterson [], Lions and Stampacchia
[], Noor [–], Verma [, ], Qin and Shang [], Noor and Noor [, ].
2 Preliminaries
LetH be a real Hilbert space whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖,
respectively. Let K :H→H be a point to set mapping, which is closed and convex valued.
In other words, for every x ∈H, the set K (x) is closed and convex.





















)〉≥ , ∀h(y∗) ∈ K(x∗) (.)
for some ρ > , where A :H→H and T :H→ H are nonlinear mappings, while g,h :
H→H are any mappings.
We call inequality (.) a generalized extended nonlinear quasi-variational inequality
problem.
We now list some special cases of generalized extended nonlinear quasi-variational in-
equality problem (.).
() If we take T = , then problem (.) is equivalent to the extended general
quasi-variational inequality problem introduced and studied by Noor et al. [, ].
() If we take T =  and g = I , then problem (.) is equivalent to a class of
quasi-variational inequality problems introduced by Noor et al. [].
() If we take T =  and g = h, then problem (.) is equivalent to the general
quasi-variational inequality problem studied by Noor et al. [].
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() If we take T =  and h = I , then problem (.) is equivalent to the general
quasi-variational inequality problem deﬁned by Noor et al. [].
IfK (x∗)≡ K , that is, the convex setK (x∗) is independent of the solution x∗, then general-
ized extended nonlinear quasi-variational inequality problem (.) is equivalent to ﬁnding





















)〉≥ , ∀h(y∗) ∈ K (.)
for some ρ > , where K is a closed and convex subset of a real Hilbert spaceH.
We call inequality (.) a generalized extended nonlinear variational inequality problem.
Variational inequality problem (.) covers several variational inequality problems studied
in the literature, to which we now turn:
() If we take T = , then problem (.) is equivalent to the extended general variational
inequality problem introduced and studied by Noor [].
() If T is single-valued and h is an identity mapping, then problem (.) is equivalent
to a variational inequality problem studied by Noor and Noor [].
() If we take g , h as identity mappings, then problem (.) reduces to a variational
inequality problem studied by Verma [], Qin et al. [].
() If we take T =  and g = h, then problem (.) is equivalent to the general variational
inequality problem studied by Noor [, ].
() If we take A =  and h as an identity mapping, then problem (.) is equivalent to a
variational inequality studied by Verma [].
() If T is single-valued and g , h are identity mappings, then problem (.) is equivalent
to a variational inequality problem studied by Noor [].
() If A =  and g , h are identity mappings, then problem (.) is equivalent to a
variational inequality problem studied by Bruck [] and Fang et al. [].
() If T =  and g , h are identity mappings, then problem (.) is equivalent to a
classical variational inequality problem studied by Lions and Stampacchia [].
Let us recall the following standard and classical result.
Lemma . Let K(x) be a closed and convex set in a Hilbert space H. Then, for a given
z ∈H, x ∈ K (x) satisﬁes the inequality
〈x – z, y – x〉 ≥ , ∀y ∈ K (x),
if and only if
x = PK (x)z,
where PK (x) is the projection ofH onto the closed convex set K(x) inH.
It is important to point out that the implicit projection operator PK (x) is not non-
expansive. We shall assume that the implicit projection operator PK (x) satisﬁes the
Lipschitz-type continuity, which plays an important and fundamental role in the existence
theory and in developing numerical methods for solving the quasi-variational inequali-
ties.
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Assumption . For all x, y, z ∈H, the implicit projection operator PK (x) satisﬁes the con-
dition
‖PK (x)z – PK (y)z‖ ≤ ϑ‖x – y‖, (.)
where ϑ is a positive constant.
Noor et al. [] showed that Assumption . holds for certain cases.
We now recall some deﬁnitions.
Deﬁnition . A mapping A :H→H is said to be:
(i) strongly monotone if there exists a constant ν >  such that, for each x ∈H,
〈
A(x) –A(y),x – y
〉≥ ν‖x – y‖
holds for all y ∈H;
(ii) φ-cocoercive if there exists a constant φ >  such that, for each x ∈H,
〈
A(x) –A(y),x – y
〉≥ φ∥∥A(x) –A(y)∥∥
holds for all y ∈H;
(iii) relaxed φ-cocoercive if there exists a constant φ >  such that, for each x ∈H,
〈
A(x) –A(y),x – y
〉≥ –φ∥∥A(x) –A(y)∥∥
holds for all y ∈H;
(iv) relaxed (φ,γ )-cocoercive or relaxed cocoercive with constant (φ,γ ) if there exist
constants φ >  and γ >  such that, for each x ∈H,
〈
A(x) –A(y),x – y
〉≥ –φ∥∥A(x) –A(y)∥∥ + γ ‖x – y‖
holds for all y ∈H;
(v) μ-Lipschitz continuous or Lipschitz with constant μ if there exists a constant μ > 
such that, for each x, y ∈H,
∥∥A(x) –A(y)∥∥≤ μ‖x – y‖;
(vi) nonexpansive if for each x, y ∈H,
∥∥A(x) –A(y)∥∥≤ ‖x – y‖.
A set-valued mapping T :H→ H is said to be:




)≤ ζ‖x – y‖, ∀x, y ∈H,
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y∈B‖x – y‖ and d(A, y) = infx∈A‖x – y‖.
It should be pointed out that if the domain of Ĥ is restricted to the family of closed
bounded subsets ofH (denoted by CB(H)), then Ĥ is the Hausdorﬀ metric.
Lemma . [] Let (X,d) be a complete metric space, T : X → CB(X) be a set-valued
mapping. Then, for any ε >  and x, y ∈ X, u ∈ T(x), there exists v ∈ T(y) such that
d(u, v)≤ ( + ε)Ĥ(T(x),T(y)).





)≤ kd(x, y), ∀x, y ∈ X,
where ≤ k <  is a constant. Then the mapping T has a ﬁxed point in X.
3 Existence results
First of all, using Lemma ., we will establish that generalized extended nonlinear quasi-
variational inequality problem (.) is equivalent to a ﬁxed point problem.
Lemma . x∗ ∈ H and w∗ ∈ T(x∗) such that g(x∗) ∈ K (x∗) is a solution of generalized
extended nonlinear quasi-variational inequality problem (.) if and only if for some ρ > ,
the mapping






















has a ﬁxed point.




























for all h(y∗) ∈ K (x∗).
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i.e.,








































⇒ x∗ ∈ F(x∗),
i.e., x∗ is a ﬁxed point of F .
Conversely, let x∗ be a ﬁxed point of F , i.e., x∗ ∈ F(x∗), then there exists w∗ ∈ T(x∗) such
that


































































)〉≥  for all h(y∗) ∈ K(x∗).
The proof is complete. 
Lemma . implies that problem (.) is equivalent to ﬁxed point problem (.). Using
this connection, we will establish the following existence result.
Theorem . Let A, g,h :H→H be relaxed cocoercive with constants (φA,γA), (φg ,γg),
(φh,γh) and Lipschitz continuous mappings with constants μA, μg , μh, respectively. Let T :
H→ CB(H) be an Ĥ-Lipschitz continuous mapping with constant ζ > . Assume that the
following assumption holds:
∣∣∣∣ρ – γA – φAμA – ζ ( – κ)μA – ζ 
∣∣∣∣ <
√
(γA – φAμA – ζ ( – κ)) – (μA – ζ )κ( – κ)
(μA – ζ )
,
μA > ζ , γA > ζ ( – κ) + φAμA +
√(
μA – ζ 
)
κ( – κ), (.)
 +μg ( + φg) > γg ,  +μh( + φh) > γh,
where
κ = ϑ +
√
 – γg +μg ( + φg) +
√
 – γh +μh( + φh).
Then problem (.) has a solution.
Proof In the light of Lemma ., it is enough to show that the mapping F deﬁned by (.)
has a ﬁxed point. For any x = y ∈H, p ∈ F(x) and q ∈ F(y), there existw ∈ T(x) and u ∈ T(y)
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such that














Using Assumption ., we have
‖p – q‖ ≤ ∥∥x – y – (g(x) – g(y))∥∥
+
∥∥PK (x)[h(x) – ρ(A(x) +w)] – PK (y)[h(y) – ρ(A(y) + u)]∥∥
≤ ∥∥x – y – (g(x) – g(y))∥∥
+
∥∥PK (x)[h(x) – ρ(A(x) +w)] – PK (y)[h(x) – ρ(A(x) +w)]∥∥
+
∥∥PK (y)[h(x) – ρ(A(x) +w)] – PK (y)[h(y) – ρ(A(y) + u)]∥∥
≤ ∥∥x – y – (g(x) – g(y))∥∥ + ϑ‖x – y‖ + ∥∥x – y – (h(x) – h(y))∥∥
+
∥∥x – y – ρ{A(x) –A(y)}∥∥ + ρ‖w – u‖. (.)
Since g is a relaxed (φg ,γg)-cocoercive and μg-Lipschitz continuous mapping, we ﬁnd the
following:
∥∥x – y – (g(x) – g(y))∥∥ = ‖x – y‖ – 〈g(x) – g(y),x – y〉 + ∥∥g(x) – g(y)∥∥
≤ ( +μg)‖x – y‖ + φg∥∥g(x) – g(y)∥∥ – γg‖x – y‖
≤ ( – γg +μg ( + φg))‖x – y‖. (.)
Similarly,
∥∥x – y – (h(x) – h(y))∥∥ ≤ ( – γh +μh( + φh))‖x – y‖. (.)
Since A is a relaxed (φA,γA)-cocoercive and μA-Lipschitz continuous mapping, we have
∥∥x – y – ρ{A(x) –A(y)}∥∥
= ‖x – y‖ – ρ〈A(x) –A(y),x – y〉 + ρ∥∥A(x) –A(y)∥∥
≤ ‖x – y‖ – ρ{–φA∥∥A(x) –A(y)∥∥ + γA‖x – y‖} + ρμA‖x – y‖










)‖x – y‖. (.)
Now, since T is an Ĥ-Lipschitz continuous mapping, we estimate
‖w – u‖ ≤ ( + ε)Ĥ(T(x) – T(y))
≤ ζ ( + ε)‖x – y‖. (.)
Substituting (.), (.), (.) and (.) into (.), we obtain
‖p – q‖ ≤ [κ + f (ρ) + ρζ ( + ε)]‖x – y‖, (.)
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where
κ = ϑ +
√
 – γg +μg ( + φg) +
√


















‖p – q‖ ≤ (κ + f (ρ) + ρζ ( + ε))‖x – y‖,













)≤ (κ + f (ρ) + ρζ ( + ε))‖x – y‖. (.)




)≤ (κ + f (ρ) + ρζ ( + ε))‖x – y‖, ∀x, y ∈H.




)≤ (κ + f (ρ) + ρζ )‖x – y‖, ∀x, y ∈H.
From (.), we get that (κ + f (ρ) + ρζ ) < , thus F is a set-valued contraction mapping,
by Lemma . it has a ﬁxed point. Lemma . implies that it is a solution of variational
inequality problem (.). 
4 Iterative algorithm and convergence
For given x ∈H and w ∈ T(x), let







By Lemma . there exists w ∈ T(x) such that
‖w –w‖ ≤ ( + )Ĥ(Tx,Tx).







By induction, we can get an iterative algorithm as follows.
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Algorithm  For given x ∈H, w ∈ T(x), deﬁne sequences {xn} and {wn} satisfying







wn ∈ T(xn), ‖wn –wn+‖ ≤
(









Now, we deﬁne an Ishikawa-type iterative algorithm [] for approximate solvability of
variational inequality problem (.).
Algorithm  For a given x ∈H, compute xn+ by the scheme
yn = ( – βn)xn + βn
[







xn+ = ( – αn)xn + αn
[








wherewn ∈ T(xn), un ∈ T(yn) , n = , , , . . . and {αn}, {βn} are sequences in [, ], satisfying
certain conditions.
To prove the next result, we need the following.
Lemma . [] Let {an} be a nonnegative sequence satisfying
an+ ≤ ( – cn)an + bn,
with cn ∈ [, ],∑∞n= cn =∞, bn = o(cn). Then limn→∞ an = .
Theorem. Let A, T , g , h satisfy all the assumptions of Theorem ., and let {αn}, {βn} be
sequences in [, ], for all n ≥ , such that∑∞n= αn = ∞. Then the approximate sequences
{xn}, {wn} constructed by Algorithm  converge strongly to a solution of problem (.).
Proof By Theorem ., generalized extended nonlinear quasi-variational inequality prob-
lem (.) has a solution. Let x∗ ∈H, w∗ ∈ T(x∗) such that g(x∗) ∈ K (x∗) be a solution of
(.). By Lemma ., we have



















Using (.), we have
∥∥xn+ – x∗∥∥ = ∥∥( – αn)xn + αn[xn – g(xn) + PK (yn)(h(yn) – ρ(A(yn) + un))] – x∗∥∥
≤ ( – αn)
∥∥xn – x∗∥∥
+ αn
∥∥[xn – g(xn) + PK (yn)(h(yn) – ρ(A(yn) + un))] – x∗∥∥
≤ ( – αn)
∥∥xn – x∗∥∥ + αn∥∥xn – x∗ – (g(xn) – g(x∗))∥∥
+ αn
∥∥PK (yn)[h(yn) – ρ(A(yn) + un)] – PK (x∗)[h(x∗) – ρ(A(x∗) +w∗)]∥∥
≤ ( – αn)
∥∥xn – x∗∥∥ + αn∥∥xn – x∗ – (g(xn) – g(x∗))∥∥
+ αn
∥∥PK (yn)[h(yn) – ρ(A(yn) + un)] – PK (yn)[h(x∗) – ρ(A(x∗) +w∗)]∥∥
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+ αn
∥∥PK (yn)[h(x∗) – ρ(A(x∗) +w∗)] – PK (x∗)[h(x∗) – ρ(A(x∗) +w∗)]∥∥
≤ ( – αn)
∥∥xn – x∗∥∥ + αn∥∥xn – x∗ – (g(xn) – g(x∗))∥∥
+ αn
∥∥h(yn) – h(x∗) – ρ{(A(yn) + un) – (A(x∗) +w∗)}∥∥
+ αnϑ
∥∥yn – x∗∥∥
≤ ( – αn)
∥∥xn – x∗∥∥ + αn∥∥xn – x∗ – (g(xn) – g(x∗))∥∥
+ αn
∥∥yn – x∗ – (h(yn) – h(x∗))∥∥
+ αn
∥∥yn – x∗ – ρ(A(yn) –A(x∗))∥∥
+ αnρ
∥∥un –w∗∥∥ + αnϑ∥∥yn – x∗∥∥
≤ ( – αn)
∥∥xn – x∗∥∥ + αn√ – γg +μg ( + φg)∥∥xn – x∗∥∥
+ αn
√










+ αnρζ ( + ε)
∥∥yn – x∗∥∥ + αnϑ∥∥yn – x∗∥∥
= ( – αn)
∥∥xn – x∗∥∥ + αnθg∥∥xn – x∗∥∥
+ αn
(
θh + f (ρ) + ρζ ( + ε) + ϑ




 – γg +μg ( + φg), θh =
√










∥∥yn – x∗∥∥ ≤ ( – βn)∥∥xn – x∗∥∥ + βn∥∥xn – x∗ – (g(xn) – g(x∗))∥∥
+ βn
∥∥PK (xn)[h(xn) – ρ(A(xn) +wn)] – PK (x∗)[h(x∗) – ρ(A(x∗) –w∗)]∥∥
≤ ( – βn)
∥∥xn – x∗∥∥ + βnθg∥∥xn – x∗∥∥
+ βn
∥∥PK (xn)[h(xn) – ρ(A(xn) +wn)] – PK (xn)[h(x∗) – ρ(A(x∗) –w∗)]∥∥
+ βn
∥∥PK (xn)[h(x∗) – ρ(A(x∗) –w∗)] – PK (x∗)[h(x∗) – ρ(A(x∗) –w∗)]∥∥
≤ ( – βn)
∥∥xn – x∗∥∥ + βnθg∥∥xn – x∗∥∥
+ βn
∥∥h(xn) – h(x∗) – ρ{(A(xn) +wn) – (A(x∗) –w∗)}∥∥
+ βnϑ
∥∥xn – x∗∥∥
≤ ( – βn)
∥∥xn – x∗∥∥ + βnθg∥∥xn – x∗∥∥ + βnϑ∥∥xn – x∗∥∥
+ βn
∥∥xn – x∗ – (h(xn) – h(x∗))∥∥
+ βn
∥∥xn – x∗ – ρ{A(xn) –A(x∗)}∥∥ + βnρ∥∥wn –w∗∥∥
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≤ ( – βn)
∥∥xn – x∗∥∥ + βnθg∥∥xn – x∗∥∥
+ βn
(
θh + f (ρ) + ρζ ( + ε) + ϑ
)∥∥xn – x∗∥∥
= ( – βn)
∥∥xn – x∗∥∥ + βn(κ + f (ρ) + ρζ ( + ε))∥∥xn – x∗∥∥. (.)
Substituting (.) into (.) yields that
∥∥xn+ – x∗∥∥ ≤ ( – αn)∥∥xn – x∗∥∥ + αnθg∥∥xn – x∗∥∥
+ αn
(
θh + f (ρ) + ρζ ( + ε) + ϑ
)
× { – βn( – (κ + f (ρ) + ρζ ( + ε)))}∥∥xn – x∗∥∥. (.)
Letting ε → , we get from (.) that
∥∥xn+ – x∗∥∥ ≤ ( – αn)∥∥xn – x∗∥∥ + αnθg∥∥xn – x∗∥∥
+ αn
(






κ + f (ρ) + ρζ
))}∥∥xn – x∗∥∥
≤ ( – αn)
∥∥xn – x∗∥∥ + αn(θg + θh + f (ρ) + ρζ + ϑ)∥∥xn – x∗∥∥
= ( – αn)







κ + f (ρ) + ρζ
)}]∥∥xn – x∗∥∥. (.)
By virtue of Lemma ., we get from (.) that limn→∞ ‖xn+ – x∗‖ = , i.e., xn → x∗, as
n→ ∞. Since
∥∥wn –w∗∥∥≤ ( + ε)ζ∥∥xn – x∗∥∥,
letting n→ ∞, we get that wn → w∗. This completes the proof. 
Remark  For a suitable and appropriate choice of the operators T , A, g , h and {αn}, {βn},
{γn}, one can obtain a number of new and previously known iterative schemes for ap-
proximate solvability of variational inequality problems as discussed in special cases. This
clearly shows that Algorithm  is quite general and uniﬁes several algorithms.
Remark  Results presented in the paper are signiﬁcant improvement and extension of
the results obtained previously by many authors. Especially, our Theorem . extends the
existence of solution in the literature to the case of generalized extended nonlinear varia-
tional inequality (.). Algorithm  is a very general and uniﬁed algorithm for ﬁnding an
approximate solution of problem (.).
5 Conclusion
In this paper, we have considered a new class of generalized extended nonlinear quasi-
variational inequalities, which involves sum of two operatorsA :H→H and T :H→ H.
We have established the equivalence between the generalized extended nonlinear varia-
tional inequality and the ﬁxed point problem using projection mapping. Using this equiv-
alence, we have ﬁrst established criteria for the existence of solution of the proposed vari-
ational inequality problem. We have also suggested and analyzed some iterative methods
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for approximate solvability of generalized extended nonlinear quasi-variational inequali-
ties. Several special cases of the proposed variational inequality problem have also been
discussed.
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